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CHAPTER

Playing with Numbers

16.1 Introduction

You have studied varioustypes of numbers such as natural numbers, whole numbers,
integersand rational numbers. You have also studied anumber of interesting properties
about them. In Class V1, we explored finding factors and multi plesand the rel ationships
amongthem.

Inthischapter, wewill explorenumbersin moredetail. Theseideashelpinjustifying
testsof divishility.
16.2 Numbers in General Form
L et ustakethe number 52 and writeit as
52=50+2=10x5+2
Similarly, thenumber 37 can bewritten as
37=10x3+7
Ingenera, any two digit number ab made of digitsa and b can bewritten as
ab=10xa+b=10a+b
What about ba? ba=10xb+a=10b+a
Let usnow take number 351. Thisisathreedigit number. It can also bewritten as
351=300+50+1=100x3+10x5+1x1
Smilaly 497=100%x4+10%x9+1x7
Ingeneral, a3-digit number abc made up of digitsa, band ciswrittenas
abc=100xa+10xb+1xc
=100a+10b+c

Here ab does not
meana x b!

Inthesameway,
cab=100c+10a+b
bca=100b + 10c + a and so on.
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& TRY THESE

1. Writethefollowing numbersingeneralised form.

_ i) 25 i) 73 i) 129 (iv) 302
=X, 2 Writethefollowingintheusua form.

L () 10x5+6 (i) 100x7+10x1+8  (iii)100xa+10xc+b

16.3 Games with Numbers

(1) Reversingthedigits—two digit number
Minakshi asks Sundaram to think of a2-digit number, and thento do whatever she asks
himto do, to that number. Their conversationisshowninthefollowing figure. Study the

figurecarefully beforereading on.

Conversations between Minakshi and Sundaram: First Round ...

Alright
[Chooses 49]

Choose
2-digit
number

you started
with

Now divide
the answer
by 11.

Yes, you are
right. But
how did you
know?

There won't
be any
remainder!

It so happensthat Sundaram chose the number 49. So, he got the reversed number
94; then he added these two numbers and got 49 + 94 = 143. Finally he divided this
number by 11 and got 143 + 11 = 13, with no remainder. Thisisjust what Minakshi

had predicted.
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TRY THESE

Check what the result would have been if Sundaram had chosen the numbers shown
below.
1. 27 2. 39 3. 64 4. 17

Now, let usseeif wecan explain Minakshi’s“trick”.

Suppose Sundaram chooses the number ab, which isashort form for the 2-digit
number 10a + b. Onreversing thedigits, he getsthe number ba=10b + a. When headds
thetwo numbershegets.

(10a+b) + (10b + a) = 11a+ 11b
=11 (a+h).
So, thesumisawaysamultipleof 11, just asMinakshi had claimed.

Observeherethat if wedividethesumby 11, thequotientisa+ b, whichisexactly the
sum of thedigitsof chosen number ab.

You may check the same by taking any other two digit number.

The game between Minakshi and Sundaram continues!

Minakshi: Think of another 2-digit number, but don’ttell mewnhat itis.

Sundaram: Alright.

Minakshi: Now reversethedigitsof thenumber, and subtract the smaller number from
thelarger one.

Sundaram: | havedonethe subtraction. What next?

Minakshi: Now divideyour answer by 9. | claimthat therewill beno remainder!

Sundaram: Yes, youareright. Thereisindeed noremainder! But thistimel think | know
how you are so sureof this!

In fact, Sundaram had thought of 29. So his calculations were: first he got
the number 92; then he got 92 — 29 = 63; and finally he did (63 +~ 9) and got 7 as
quotient, with no remainder.

TRY THESE

Check what the result would have been if Sundaram had chosen the numbers shown

below.

1. 17 2. 21 3. 96 4. 37
Let usseehow Sundaram explainsMinakshi’ ssecond “trick” . (Now hefed sconfident
of doingso!)

Suppose he choosesthe 2-digit number ab = 10a + b. After reversing thedigits, he
getsthe number ba = 10b + a. Now Minakshi tellshim to do asubtraction, the
smdler number fromthelarger one.
e |fthetensdigitislarger thantheonesdigit (thatis, a> b), hedoes:
(10a+b)—(10b+a)=10a+b—-10b—a
=9a-9b=9(a—h).
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® |ftheonesdigitislarger thanthetensdigit (thatis, b>a), hedoes:
(10b + a) — (10a + b) =9(b—a).
® And, of course, if a=Db, hegetsO.

In each case, theresulting number isdivisibleby 9. So, theremainder isO. Observe
herethat if wedividethe resulting number (obtained by subtraction), thequotientis
a—borb—aaccordingasa> b ora<b. Youmay check the same by taking any
other two digit numbers,

() Reversingthedigits—threedigit number.
Now itisSundaram’sturn to play sometricks!
Sundaram: Think of a3-digit number, but don’'ttell mewhat itis.
Minakshi: Alright.
Sundaram: Now makeanew number by putting thedigitsin reverseorder, and subtract
thesmaller number fromthelarger one.
Minakshi: Alright, | have donethe subtraction. What next?
Sundaram: Divideyour answer by 99. 1 am surethat therewill be no remainder!
Infact, Minakshi chosethe 3-digit number 349. So shegot:
® Reversed number: 943; ® Difference: 943349 =594;
® Divison: 594+ 99 =6, with noremainder.

TRY THESE

Check what the result would have been if Minakshi had chosen the numbers shown
below. In each case keep arecord of the quotient obtained at the end.

1. 132 2. 469 Sh Tl 4. 901

Let ussee how thistrick works.
L et the 3-digit number chosen by Minakshi beabc = 100a+ 10b + c.

After reversing theorder of thedigits, she getsthe number cba=100c+ 10b+a. On
Subtraction:

® |f a>c, thenthedifference betweenthenumbersis
(100a + 10b + ¢) — (100c + 10b + a) =100a + 10b + c—100c — 10b —a
=99a—99c = 99(a—c).
® |f c>a, thenthedifference betweenthenumbersis
(100c + 10b + a) — (100a + 10b + ¢) = 99¢c — 99a = 99(c — a).
® And, of course, if a=c, thedifferenceisO.

In each case, theresulting number isdivisibleby 99. So theremainder isO. Observe
that quotientisa—c or c—a. You may check the same by taking other 3-digit numbers.

(i) Formingthree-digit numberswith given three-digits.
Now itisMinakshi’sturn once more.
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Minakshi: Think of any 3-digit number.
Sundaram: Alright, | have done so.
Minakshi: Now usethisnumber to form two more 3-digit numbers, likethis: if the
number you choseisabc, then
e ‘thefirst numberiscab(i.e., withtheonesdigit shiftedtothe*left end” of
thenumbe);
e theother numberisbca (i.e., with thehundredsdigit shifted totheright
end” of thenumber).
Now add them up. Dividetheresulting number by 37. | clamthat therewill
beno remainder.
Sundaram: Yes. Youareright!
Infact, Sundaram had thought of the 3-digit number 237. After doingwhat Minakshi had
asked, he got the numbers 723 and 372. So hedid:

237
+ 723 Form all possible 3-digit numbersusing all thedigits 2, 3and
7 and find their sum. Check whether the sum isdivisible by
+ 372 37! Isit truefor the sum of all the numbersformed by the
digits a, b and c of the number abc?
1332

Then hedivided theresulting number 1332 by 37:
1332 + 37 =36, withnoremainder.

TRY THESE

Check what the result would have been if Sundaram had chosen the numbers i
shown below. 5l

1. 417 2. 632 3. 117 4. 937

Will thistrick alwayswork?
Let ussee. abc=100a+ 10b + ¢
cab=100c + 10a+ b
bca=100b + 10c + a
abc+cab+bca=111(a+b+cC)
=37x3(a+b+c), whichisdivisibleby 37

16.4 Letters for Digits

Herewehave puzzlesinwhich letterstakethe place of digitsinan arithmetic‘sum’, and
theproblemisto find out which | etter representswhich digit; soitislikecracking acode.
Herewesdtick to problemsof additionand multiplication.
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Herearetwo ruleswefollow while doing such puzzles.

1. Each letter in the puzzle must stand for just one digit. Each digit must be
represented by just one letter.

2. Thefirst digit of a number cannot be zero. Thus, we write the number “sixty
three” as63, and not as 063, or 0063.

A rulethat wewould liketo follow isthat the puzzle must havejust oneanswer.
Example 1: Find Qintheaddition.
31Q
+1Q3

501

Solution:

Thereisjust oneletter Q whosevauewehavetofind.

Study the additionin the onescolumn: fromQ+ 3, weget ‘1, that is, anumber whose
onesdigitisl.

For thisto happen, thedigit Q should be 8. So the puzzle can be sol ved as shown bel ow.
318
+ 183

501
Thatis, Q=8
Example 2: FindA and B intheaddition.

+

+

B A

> > >

Solution: Thishastwo letters A and B whosevaluesareto befound.

Study the addition in the ones column: thesum of three A’sisanumber whose onesdigit
iSA. Therefore, the sum of two A’smust be anumber whose onesdigitisO.
Thishappensonly forA=0andA =5.

If A =0, thenthesumisO+ 0+ 0=0, whichmakesB = 0too. We do not want this
(asit makes A = B, and then the tens digit of BA too becomes 0), so we reject this
possibility. So,A =5.

Therefore, the puzzleis solved as shown bel ow.

+
g1l o1 o1 O

Thatis, A=5andB=1. 1
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Example 3: FindthedigitsA and B.
BA

x B 3
5 7A
Solution:

Thisaso hastwo letters A and B whosevauesareto befound.
Sincetheonesdigitof 3x A isA, it mustbethat A =0orA =5.

Now look at B. If B =1, then BA x B3would at most beequal to 19 x 19; that is,
itwould at most beequal to 361. But the product hereis57A, whichismorethan 500. So
wecannot haveB = 1.

If B=3, thenBA x B3 would bemorethan 30 x 30; that is, morethan 900. But 57A
islessthan 600. So, B can not beequal to 3.

Putting these two factstogether, we seethat B = 2 only. So the multiplicationiseither
20 x 23, or 25 x 23.

Thefirst possibility fails, since 20 x 23 = 460. But, the 2 5
second oneworks out correctly, since 25 x 23 =575. x 2 3
SotheanswerisA=5,B=2. 5 7 5

DO THIS

Writea2-digit number ab and the number obtained by reversingitsdigitsi.e., ba. Find
their sum. L et thesum bea 3-digit number dad

ie, ab + ba = dad
(10a+ b) + (10b + a) = dad
11(a + b) = dad
Thesuma + b can not exceed 18 (Why?).
Isdad amultipleof 11?
Isdad lessthan 198?
Writeall the 3-digit numberswhich aremultiplesof 11 upto 198.
Findthevauesof aand d.

B EXERCISE 16.1
Findthevauesof thelettersin each of thefollowing and givereasonsfor the stepsinvolved.

1. 3 A 2. 4 A 3. 1A
+ 2 5 + 9 8 x A

B2 ce 3 9 A
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4 A B 5, B 6 A B
+ 3 7 x 3 X S
CA B CA B
7 A B 8 A1 9, 2AB
x 6 + 1B tA B
BB B B 0

16.5 Tests of Divisibility

InClassVI, youlearnt how to check divisibility by thefollowing divisors.
10,5,2,3,6,4,8,9, 11.

You would havefound thetests easy to do, but you may havewondered at the same
timewhy they work. Now, inthischapter, weshall go into the* why” aspect of the above.
16.5.1 Divisibility by 10
Thisiscertainly theeasiest test of all! Wefirst look at somemultiplesof 10.

10, 20, 30, 40, 50, 60, ...,
and then at some non-multiplesof 10.
13, 27, 32, 48, 55, 69,

Fromtheselistswe seethat if the onesdigit of anumber isO, thenthenumber isa
multipleof 10; andif theonesdigit isnot O, then thenumber isnot amultipleof 10. So, we
get atest of divisibility by 10.

Of course, we must not stop with just stating thetest; we must also explainwhy it
“works’. That isnot hard to do; we only need to remember therules of placevalue.
Takethenumber. ... cba; thisisashort formfor

...+100c + 10b + a

Hereaistheone' sdigit, bistheten’sdigit, cisthe hundred’sdigit, and soon. The

dotsarethereto say that there may be moredigitsto theleft of c.

Since 10, 100, ... aredivisibleby 10, so are 10b, 100c, ... . And asfor the number a
isconcerned, it must beadivisibleby 10if the given number isdivisibleby 10. Thisis
possibleonly whena=0.

Hence, anumber isdivisbleby 10 whenitsone' sdigitisO.
16.5.2 Divisibility by 5
Look at themultiplesof 5.

5, 10, 15, 20, 25, 30, 35, 40, 45, 50,




For more FREE DOWNLOADS, visit www.aspirationsi nstitute.com

Praving witH Numsers I 257

We see that the one's digits are alternately 5 and 0, and no other digit ever
appearsinthislist.

So, weget our test of divisibility by 5.

If the ones digit of a number isOor 5, thenitisdivisible by 5.
Let usexplainthisrule. Any number ... cba can bewritten as:

...+100c+ 10b + a

Since 10, 100 aredivisibleby 10 so are 10b, 100c, ... whichin turn, aredivisible
by 5 because 10 = 2 x 5. Asfar asnumber aisconcerned it must bedivisbleby 5if the
number isdivisibleby 5. So ahasto beeither O or 5.

TRY THESE

(Thefirst one hasbeen donefor you.)

1. IfthedivisionN +5leavesaremainder of 3, what might bethe onesdigit of N?
(Theone'sdigit, whendivided by 5, must leavearemainder of 3. Sotheone sdigit
must be either 3or 8.)

2. IfthedivisonN +5leavesaremainder of 1, what might betheone’'sdigit of N?
3. IfthedivisonN +5leavesaremainder of 4, what might betheone'sdigit of N?

16.5.3 Divisibility by 2
Herearetheeven numbers.
2,4,6,8,10, 12, 14, 16, 18, 20, 22, ...,
and here arethe odd numbers.
1,357,911, 13,15,17, 19, 21, ...,

Weseethat anatural number isevenif itsone'sdigitis

2,4,6,80r0
Anumberisoddif itsone'sdigitis

1,3,570r9
Recall thetest of divisibility by 2learntin ClassVI, whichisasfollows.
If theone'sdigit of anumberis0, 2, 4, 6 or 8 then the number isdivisibleby 2.
Theexplanationfor thisisasfollows.
Any number cba can bewritten as100c + 10b + a

First twotermsnamely 100c, 10b aredivisibleby 2 because 100and 10 aredivisible

by 2. Sofar asaisconcerned, it must bedivisibleby 2if thegiven number isdivisibleby  ##y
2. Thisispossibleonly whena=0, 2,4, 6 or 8.

TRY THESE

(Thefirst one hasbeen donefor you.)

1. IfthedivisonN +2leavesaremainder of 1, what might betheone'sdigitof N? £
(Nisodd; soitsone'sdigitisodd. Therefore, theone'sdigit mustbel,3,5,70r9.) ==
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2. IfthedivisonN + 2 leavesno remainder (i.e., zero remainder), what might bethe
one'sdigitof N?

3. Supposethat thedivision N + 5 leavesaremainder of 4, and thedivision N + 2
leavesaremainder of 1. What must betheone'sdigit of N?

16.5.4 Divisibility by 9 and 3
Look carefully at thethreetests of divisibility found till now, for checking division by
10, 5 and 2. We see something common to them: they use only the one’s digit of the
given number; they do not bother about the ‘rest’ of the digits. Thus, divisibility
is decided just by the one’s digit. 10, 5, 2 are divisors of 10, which is the key
number in our place value.

But for checking divisibility by 9, thiswill not work. L et ustake somenumber say 3573.

Itsexpanded formis: 3x 1000+ 5x 100+ 7 x 10+ 3

Thisisequal to3x (999+ 1) +5x (9+1)+7x(9+1) +3
=3x999+5x99+7x9+(3+5+7+3) (D

We seethat the number 3573 will bedivisibleby 9or 3if (3+5+ 7+ 3) isdivisible
by 9or 3.

Weseethat 3+5+ 7+ 3=18isdivisbleby 9and also by 3. Therefore, the number
3573isdivisbleby both9and 3.

Now, let usconsider the number 3576. Asabove, we get
3576=3x999+5%x99+7%x9+(3+5+7+6) .. (2
Since(3+5+7+6)i.e,2lisnotdivisbleby 9butisdivisibleby 3,

therefore 3576 isnot divisibleby 9. However 3576 isdivisibleby 3. Hence,

(1) A number Nisdivisbleby 9if thesumof itsdigitsisdivisibleby 9. Otherwiseitis
not divisbleby 9.

(i) A number Nisdivisbleby 3if thesumof itsdigitsisdivisbleby 3. Otherwiseitis
not divisbleby 3.

If the number is‘cba’, then, 100c + 10b+a=99c+9b + (a+ b+ )
= 91lc+b) +(@a+b+c)
%f_/
divisibleby 3and 9
Hence, divisibility by 9 (or 3) ispossibleif a+ b+ cisdivisbleby 9 (or 3).
Example 4: Check thedivisibility of 21436587 by 9.

Solution: Thesum of thedigitsof 21436587is2+1+4+3+6+5+8+7=36.
Thisnumber isdivisbleby 9 (for 36+ 9=4). Weconcludethat 21436587 isdivisbleby 9.

We can double-check:

21436587

S = 2381843 (thedivisionisexact).
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Example 5: Check thedivisibility of 152875 by 9.

Solution: Thesumof thedigitsof 152875is1+5+2+ 8+ 7+ 5=28. Thisnumber
isnot divisible by 9. We concludethat 152875isnot divisibleby 9.

TRY THESE

Check thedivisibility of thefollowing numbersby 9.
1. 108 2. 616 3. 204 4, 432 5. 927

Example 6: If thethreedigit number 24xisdivisibleby 9, what isthe value of x?

Solution: Since 24xisdivisible by 9, sum of it'sdigits, i.e., 2 + 4 + x should be
divisibleby 9,i.e., 6 + x should bedivisibleby 9.

Thisispossiblewhen6+x=9o0r 18, ....
But, sincexisadigit, therefore, 6 + x=9,i.e.,x=3.

HE THINK, DISCUSS AND WRITE Ul

1. Youhaveseenthat anumber 450isdivisibleby 10. Itisasodivisbleby 2and 5
which arefactorsof 10. Similarly, anumber 135isdivishble9. Itisasodivisble
by 3whichisafactor of 9.
Canyou say that if anumber isdivisible by any number m, thenit will also be
divisble by each of thefactorsof m?

2. (1) Writea3-digit number abcas100a+ 10b+c
=99a+ 1lb+(a—b+c)
=11(9a+b)+(a—b+c)
If thenumber abcisdivisible by 11, then what can you say about
(a—b+0)?
Isit necessary that (a+ c—b) should bedivisibleby 117
(i) Writea4-digit number abcd as 1000a + 100b + 10c +d
=(1001la+99%b + 11c) —(a—b+c—d)
=11(91a+9%+c) +[(b+d)—(a+ )]
If thenumber abcd isdivisibleby 11, then what can you say about
[(b+d)—(a+0)]?
(i) From (i) and (ii) above, can you say that anumber will bedivisibleby 11if
thedifference betweenthesum of digitsat itsodd placesand that of digitsat
theeven placesisdivisbleby 11?

Example 7: Check thedivisibility of 2146587 by 3.

Solution: Thesum of thedigitsof 2146587 is2+1+4+6+5+8+7=33.This
number isdivisibleby 3 (for 33+ 3=11). We concludethat 2146587 isdivisibleby 3.
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Example 8: Check thedivisbility of 15287 by 3.

Solution: Thesum of thedigitsof 15287is1+5+ 2+ 8+ 7 =23. Thisnumber isnot
divisibleby 3. We concludethat 15287 tooisnot divisible by 3.

i) TRY THESE

Check thedivisibility of thefollowing numbersby 3.
1. 108 2. 616 3. 204 4. 432 5. 927

"B EXERCISE 16.2

1. If 2ly5isamultipleof 9, whereyisadigit, what isthevalueof y?
2. If 31z5isamultipleof 9, wherezisadigit, what isthevaueof z?

You will find that there aretwo answersfor thelast problem. Why isthisso?
3. If 24xisamultipleof 3, wherexisadigit, what isthevalue of x?

(Since24xisamultipleof 3, itssum of digits6 + xisamultipleof 3; s06 + xisone
of thesenumbers: 0, 3, 6,9, 12, 15, 18, ... . But sSincexisadigit, it can only bethat
6+x=60r9or12or 15. Therefore,x=00r 3 or 6 or 9. Thus, x can have any of

four different values))
4. If 316isamultipleof 3, wherezisadigit, what might bethevauesof z?

— WHAT HAVE WE DISCUSSED? —

1. Numbers can be written in general form. Thus, a two digit number ab will be written as
ab=10a+ b.

2. Thegeneral form of numbersare helpful in solving puzzlesor number games.

3. Thereasonsfor thedivisibility of numbersby 10, 5, 2, 9 or 3 can be given when numbersare
writteningenera form.

J
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