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7.1 Introduction

Cubes and Cube Roots

CHAPTER

Thisisastory about oneof India’sgreat mathematical geniuses, S. Ramanujan. Once
another famousmathematician Prof. G.H. Hardy cameto vist himinataxi whose number

was 1729. Whileta king to Ramanujan, Hardy described thisnumber
“adull number” . Ramanujan quickly pointed out that 1729 wasindeed
interesting. Hesaid itisthe smallest number that can be expressed
asasum of two cubesintwo different ways:

1729=1728+1 =12+ 13

1729=1000 + 729 = 10° + 9
1729 has since been known as the Hardy — Ramanujan Number,
even though thisfeature of 1729 wasknown morethan 300 years
before Ramanujan.

How did Ramanujan know this?Well, heloved numbers. All

through hislife, heexperimented with numbers. He probably found

numbersthat were expressed asthe sum of two squares and sum of
two cubesalso.

Hardy - Ramanujan
Number

1729 is the smallest Hardy—
Ramanujan Number. There
are an infinitely many such
numbers. Few are 4104
(2, 16; 9, 15), 13832 (18, 20;
2, 24), Check it with the
numbersgiveninthebrackets.

Therearemany other interesting patternsof cubes. L et uslearn about cubes, cube

rootsand many other interesting factsrelated to them.

7.2 Cubes

You know that theword ‘ cube’ isused in geometry. A cubeis

asolidfigurewhich hasdl itssdesequa. How many cubesof
side1 cmwill makeacubeof side2 cm?

How many cubes of side 1 cmwill make acube of side3cm?
Consider thenumbers1, 8, 27, ...

These are called perfect cubesor cube numbers. Can you say why
they are named s0? Each of them isobtained when anumber ismultiplied by

itsalf threetimes.

Figures which have
3-dimensions are known as

solidfigures.
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Wenotethat 1=1x1x1=1% 8=2%x2x2=2%27=3x3x3=3%
Since5®=5x5x5=125, therefore 125 isa cube number.

Is9acubenumber?No, as9= 3 x 3and thereisno natural number which multiplied
by itself threetimesgives9. Wecanseeadsothat 2x2x2=8and3x 3x 3=27.This
showsthat 9isnot aperfect cube.

Thefollowing arethe cubes of numbersfrom 1to 10.

Table 1

1 13=1

2 2°=8

3 F=27 )

Thenumbers 729, 1000, 1728 a_ - Completeit.
4 4£2=64
are also perfect cubes.

5 5= /

6 6° =

7 7=

8 8=

9 =

10 103 =

Thereareonly ten perfect cubesfrom 1 to 1000. (Check this). How many perfect
cubesaretherefrom 1to 1007

Observethe cubesof even numbers. Arethey all even? What can you say about the
cubesof odd numbers?
Following arethe cubes of the numbersfrom 11 to 20.

Table 2

Number Cube

1 1331
12 1728

\13 2197
14 2744

\15 3375

16 4096
— 17 4913
18 5832
19 6859
20 8000

We are even, so
are our cubes

We are odd so are
our cubes
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Consider afew numbershaving 1 astheone'sdigit (or unit’s). Find the cube of each
of them. What can you say about the one’sdigit of the cube of anumber having 1 asthe
one'sdigit?

Similarly, exploretheone' sdigit of cubesof numbersendingin2, 3,4, ..., etc.

TRY THESE

Find theone'sdigit of the cube of each of thefollowing numbers.
() 3331 (i) 8888 @) 149 (iv) 1005
(v) 1024 i) 77 (viiy 5022 (viii) 53

7.2.1 Some interesting patterns

1. Addingconsecutiveodd numbers
Observethefollowing pattern of sumsof odd numbers.

1 = 1 = 13

3 + 5 = 8§ = 28

7 + 9 + 11 = 27 = 3

13 + 15 + 17 + 19 = 64 = &4

21 + 23 + 25 + 27 + 29 = 1% = 5

Isit not interesting? How many consecutive odd numberswill be needed to obtain
thesum as 10°?

TRY THESE

Expressthefollowing numbersasthesum of odd numbersusing the above pattern?
@ 6° (b) 8 © 7
Congder thefollowing pattern.
22-13=1+2%x1x3
P-28=1+3%x2x%x3
£-3FP=1+4%x3%x3
Using theabove pattern, find thevalue of thefollowing.
i -6 @) 123-—113 (i) 20°—-19° (iv) 513-503

2. Cubesandtheir primefactors
Congder thefollowing primefactorisation of the numbersand their cubes.

Prime factorisation Prime factorisation each primefactor
of a number of its cube appears three times
in its cubes
4=2x%x2 B=064=2x2%x2%x2x2x2=28x28
6=2x3 6=216=2x2%x2x3x3x3=28x3
15=3x5 158=3375=3x3x3x5x5x5=3x5°
12=2x2x3 128=1728=2x2%x2%x2x2x2%x3%x3x3

=28x28x3?
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216
108

Observethat each primefactor of anumber appears
threetimesinthe primefactorisation of itscube.

Inthe primefactorisation of any number, if eachfactor
appearsthreetimes, then, isthe number aperfect cube?
Think about it. 1s216 aperfect cube?

By primefactorisation, 216 =2x2x2x3x3x 3
Each factor appears3times. 216 =23 x 3¥ = (2 x 3)3
= 6% whichisaperfect cube!
Is 729 aperfect cube? 729=3x3x3%x3%x3x%x3
Yes, 729 isaperfect cube.
Now let uscheck for 500.
Primefactorisationof 500is2x2x5x5x% 5.
So, 500isnot aperfect cube.

Do you remember that
anx bm=(axb)m

factors can be
grouped in triples

There arethree
5’sin the product but
only two 2's.

Example 1: [s243 aperfect cube?

Solution: 243=3x3x3%x3x3

Inthe abovefactorisation 3 x 3remainsafter grouping the 3'sintriplets. Therefore, 243is
not aperfect cube.

TRY THESE

Which of thefollowing are perfect cubes?
1. 400 2. 3375 3. 8000 4. 15625
5. 9000 6. 6859 7. 2025 8. 10648

7.2.2 Smallest multiple that is a perfect cube

Raj made acuboid of plasticine. Length, breadth and height of the cuboid are 15 cm,
30cm, 15 cmrespectively.

Anu askshow many such cuboidswill sheneed to make aperfect cube? Canyoutel|?
Raj said, Volume of cuboidis15x30x 15 =3x5x2x3x5x3x5
=2x3x3x3x5x5x5
Sincethereisonly one2intheprimefactorisation. Soweneed 2 x 2, i.e., 4 to make
it aperfect cube. Therefore, we need 4 such cuboidsto make acube.

Example 2: 15392 aperfect cube?If not, find the smallest natural number by which
392 must be multiplied so that the product isaperfect cube.

Solution: 392=2x2x2x7x7

The primefactor 7 doesnot appear in agroup of three. Therefore, 392 isnot aperfect
cube. To makeitsacube, we need onemore 7. Inthat case
32 xT7=2x2%X2XTXx7Tx7=2744 whichisaperfect cube.
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Hencethe smallest natural number by which 392 should bemultiplied to makeaperfect
cubeis?.

Example 3: 1553240 aperfect cube? If not, then by which smallest natural number
should 53240 be divided so that the quotient isaperfect cube?

Solution: 53240=2x2x2x11x11x 11 x5

The primefactor 5 does not appear inagroup of three. So, 53240 isnot aperfect cube.
Inthefactorisation 5 appearsonly onetime. If wedividethe number by 5, thenthe prime
factorisation of thequotient will not contain 5.

So, 53240 +5=2x2x2x11x11x11

Hence the smallest number by which 53240 should be divided to makeit aperfect
cubeisb5.

Theperfect cubein that caseis=10648.

Example 4: |s1188 aperfect cube?If not, by which smallest natural number should
1188 be divided so that the quotient isaperfect cube?

Solution: 1188=2x2x3x3x3x 11

Theprimes2 and 11 do not appear in groups of three. So, 1188 isnot aperfect cube. In
thefactorisation of 1188 the prime 2 appearsonly two times and the prime 11 appears
once. So, if we divide 1188 by 2 x 2 x 11 = 44, then the prime factorisation of the
quotient will not contain2 and 11.

Hencethe smallest natural number by which 1188 should be divided to makeit a
perfect cubeis44.

And theresulting perfect cubeis1188 + 44 = 27 (=33).

Example 5: s68600 aperfect cube?If not, find the smallest number by which 63600
must bemultiplied to get aperfect cube.

Solution: Wehave, 68600 =2x2x2x5x5x 7 x 7 x 7. Inthisfactorisation, we
find that thereisnotriplet of 5.
So, 68600 isnot aperfect cube. Tomakeit aperfect cubewemultiply it by 5.
Thus 68600 x 5=2x2%x2x5x5x5x7x7x7
= 343000, whichisaperfect cube.

Observethat 343 isaperfect cube. From Example 5 we know that 343000 isalso
perfect cube.

HEE THINK, DISCUSS AND WRITE Ul

Check which of thefollowing are perfect cubes. (i) 2700 (ii) 16000 (iii) 64000
(iv) 900 (v) 125000 (vi) 36000 (vii) 21600 (viii) 10,000 (ix) 27000000 (x) 1000.
What pattern do you observein these perfect cubes?
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B EXERCISE 7.1
1. Whichof thefollowing numbersare not perfect cubes?

(i) 216 (i) 128 (iii)y 1000 (iv) 100
3 (v) 46656
& 2. Findthesmallest number by which each of thefollowing numbersmust bemultiplied
= to obtain aperfect cube.
(i) 243 (i) 256 @iy 72 (iv) 675
(v) 100
3. Findthesmallest number by which each of thefollowing numbersmust bedivided to
obtain aperfect cube.
@ 81 (i) 128 @iy 135 (iv) 192
(v) 704

4. Parikshit makesacuboid of plasticine of sides5cm, 2cm, 5 cm. How many such
cuboidswill heneedto form acube?

7.3 Cube Roots

If thevolume of acubeis125 cm?, what would bethelength of itsside?To get thelength
of theside of the cube, we need to know anumber whose cubeis 125.

Finding the squareroot, asyou know, istheinverse operation of squaring. Similarly,
finding the cuberoot istheinverse operation of finding cube.

We know that 22 = 8; so we say that the cuberoot of 8is2.
Wewrite ¥/g = 2. Thesymbol 3/~ denotes‘cube-root.’
Congder thefollowing:

Statement Inference Statement Inference

13=1 =1 6° = 216 3216 =6
2=8 3g = 3@ =2 73=343 3343 =7
F=27 Y27 = 33 =3 8® =512 3512 =8
43=64 364 =4 9= 729 3729 =9
53=125 3125 =5 10° = 1000 31000 = 10

7.3.1 Cube root through prime factorisation method
Consider 3375. Wefind itscuberoot by primefactorisation:
3375=3x3x3x5x5x5=3Fx5=(3x5)3

Therefore, cuberoot of 3375= 3/3375=3x5=15
Similarly, tofind 3/74088 , wehave,
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74088=2%x2%x2x3X3XIXTIXTIXT=2BxFx7P=(2x3x7)3
Therefore, 3/74088 =2 % 3x 7 =42
Example 6: Find the cuberoot of 8000.
Solution: Primefactorisation of 8000iS2x2x2x2x2x2x5x5x%x5

S0, 38000 =2%x2x5=20
Example 7: Findthe cuberoot of 13824 by prime factorisation method.

Solution:
13824 =2%x2Xx2%X2x2x2%x2%x2Xx2x3x3x3=28x28x23x 38,

Therefore, 313824 =2x2x2x3=24

B THINK, DISCUSS AND WRITE Ul
Statetrue or false: for any integer m, n? < m®. Why?

7.3.2 Cube root of a cube number
If you know that the given number isacube number then following method can be used.

Stepl  Takeany cubenumber say 857375 and start making groups of threedigits
sarting fromtheright most digit of the number.

857 375
l l
second group first group

We can estimate the cube root of agiven cube number through a step by
step process.

We get 375 and 857 astwo groups of three digits each.

Step 2 First group, i.e., 375 will giveyoutheone's(or unit’s) digit of therequired
cuberoot.

Thenumber 375 endswith 5. We know that 5 comesat the unit’splace of a
number only whenit’'scuberoot endsin 5.

So, weget 5 at the unit’s place of the cuberoot.
Step 3 Now take another group, i.e., 857.

We know that 9° = 729 and 10°® = 1000. Also, 729 < 857 < 1000. We take
theone'splace, of the smaller number 729 astheten’s place of therequired

cuberoot. So, we get 3/857375 = 95.
Example 8: Find the cuberoot of 17576 through estimation.

Solution: Thegiven numberis17576.
Step 1 Form groups of three starting from therightmost digit of 17576.
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17 576. Inthiscaseonegroupi.e., 576 hasthreedigitswhereas 17 hasonly
twodigits.
Step 2 Take576.
Thedigit6isatitsone'splace.
Wetakethe one’s place of therequired cuberoot as6.

Step 3 Taketheother group, i.e., 17.
Cubeof 2is8and cubeof 3is27. 17 liesbetween 8 and 27.
The smaller number among 2 and 3is2.

The one's place of 2 is 2 itself. Take 2 asten’s place of the cube root of
17576.

Thus, 317576 = 26 (Checkiit!)

B EXERCISE 7.2
1. Findthecuberoot of each of thefollowing numbersby primefactorisation method.

0 64 (i) 512 (i) 10648 (iv) 27000
(v) 15625 (vi) 13824 (vii) 110592 (viii) 46656
(i) 175616 (x) 91125

2. Statetrueorfalse.
(i) Cubeof any odd numberiseven.
(i) A perfect cube doesnot end with two zeros.
(iii) 1f square of anumber endswith 5, thenits cube endswith 25.
(iv) Thereisno perfect cubewhich endswith 8.
(v) Thecubeof atwo digit number may beathreedigit number.
(vi) Thecubeof atwo digit number may have seven or moredigits.
(vii) Thecubeof asingledigit number may beasingledigit number.
3. Youaretoldthat 1,331 isaperfect cube. Can you guesswithout factorisation what
isitscuberoot? Similarly, guessthe cuberoots of 4913, 12167, 32768.

— WHAT HAVE WE DISCUSSED? _

Numberslike 1729, 4104, 13832, are known as Hardy — Ramanujan Numbers. They can be
exprmd assum of two cubesin two different ways.

2. Numbersobtained when anumber ismultiplied by itself threetimesareknown ascubenumber s,
For example1, 8, 27, ... etc.

3. Ifintheprimefactorisation of any number each factor appearsthreetimes, thenthe numberisa
perfect cube.

4. Thesymbol 3/~ denotescuberoot. For example 327 = 3.

— Source: NCERT




